We investigate Kaluza-Klein models in the case of spherical compactification of the internal space with an arbitrary number of dimensions. The gravitating source has the dust-like equation of state in the external/our space and an arbitrary equation of state (with the parameter Ω) in the internal space. We get the perturbed (up to O 1/c 2 ) metric coefficients. For the external space, these coefficients consist of two parts: the standard general relativity expressions plus the admixture of the Yukawa interaction. This admixture takes place only for some certain condition which is equivalent to the condition for the internal space stabilization. We demonstrate that the mass of the Yukawa interaction is defined by the mass of the gravexciton/radion. In the Solar system, the Yukawa mass is big enough for dropping the admixture of this interaction and getting good agreement with the gravitational tests for any value of Ω. However, the gravitating body acquires the effective relativistic pressure in the external space which vanishes only in the case of tension Ω = −1/2 in the internal space.
I. INTRODUCTION
The idea of multidimensionality of spacetime is one of the most intriguing hypotheses of past and present centuries. For example, one of the main tasks of the LHC is to search for evidence of extra dimensions. However, there is a large variety of multidimensional models. It is obvious that the search for extra dimensions is most effective if we know which of these models are viable. In other words, we need to know which of these models do not contradict the observational data. The known gravitational experiments (the perihelion shift, the deflection of light, the time delay of radar echoes) in the Solar system are good filters to screen out non-physical theories. It is well known that the weak field approximation is enough to calculate the corresponding formulae for these experiments [1] . For example, in the case of general relativity these formulae demonstrate excellent agreement with the experimental data. In our previous papers we investigated the popular Kaluza-Klein models with toroidal compactification of the internal spaces. As we have shown, to be at the same level of agreement with the gravitational tests as general relativity, the gravitating masses should have tension in the internal spaces. This is true for both linear [2, 3] and nonlinear f (R) [4, 5] models. Unfortunately, the physically reasonable models with the dust-like equation of state p = 0 in all spaces contradict these tests [6] . It happens because of the fifth force generated by variations of the internal space volume [7] . For the proper value of tension, the internal space volume is fixed and the fifth force is absent. For example, it takes place for the latent solitons and black strings/branes as their particular cases.
However, up to now we are not aware of the physical meaning of tension for the ordinary astrophysical objects similar to our Sun 1 . Therefore, we continued to search for models that satisfy the gravitational tests, being free from this physically unclear property. For this purpose, we have considered Kaluza-Klein models with spherical compactification of the internal space, being a two-sphere [12, 13] . Here, we have shown that the conformal variation of the volume of the two-sphere generates the Yukawa-type admixture to the metric coefficients. The characteristic range of the Yukawa interaction for this model is proportional to the scale factor of the two-sphere (the radius of the two-sphere): λ ∼ a. On the one hand, the sizes of the extra dimensions in the Kaluza-Klein models are bounded by the recent collider experiments. On the other hand, there are strong restrictions on the Yukawa parameter λ from the inverse square law experiments. According to both of these limitations, λ is by many orders of magnitude smaller than the radius of the Sun. Then, with very high accuracy, we can drop the admixture of the Yukawa terms to the metric coefficients at distances greater than the radius of the Sun, and we achieve good agreement with the grav-itational tests for the considered model. In this model, the gravitating mass has the dust-like equation of state in all spatial dimensions, i.e. tension is absent.
The following question arises: how general is this result? Does it depend on the number of the extra dimensions? The point is that the critical number of spacetime dimensions is 10 for superstring theories and 11 for M-theory. Therefore, in the present paper, the internal space is an arbitrary d-dimensional sphere. We also do not limit ourselves with the dust-like equation of state of the gravitating source in all spaces. We assume that the gravitating mass has this equation of statep 0 = 0 in the external/our space, and the equation of statep 1 ≈ Ωρc 2 in the internal space, where the parameter Ω is arbitrary. It turns out that this generalization plays an important role. We show that the considered models with the ddimensional internal sphere can satisfy the gravitational tests for any d ≥ 2 and for an arbitrary value Ω of the parameter of the equation of state in the internal space, including the dust-like value Ω = 0. We also get the internal space stability condition. For models which satisfy this condition, the internal space conformal excitations result in the Yukawa-type correction terms to the metric coefficients. Moreover, we demonstrate that the Yukawa mass is defined by the mass of the gravexciton/radion [14] . Therefore, for sufficiently large Yukawa mass (that takes place in the Solar system) the considered models satisfy the gravitational tests for an arbitrary value of Ω. However, we show that the gravitating body acquires the effective relativistic pressure in the external space. Obviously, it is not the case for ordinary astrophysical objects similar to our Sun. Such pressure disappears only in the case of the bare tension Ω = −1/2 in the internal space. Therefore, to be in agreement with observations, we again should include tension in the internal space as it takes place for the toroidal compactification.
The paper is organized as follows. In Sec. II we define the background solution in the case of spherical compactification of the internal space with an arbitrary number of dimensions. Then, we perturb this solution by a gravitating mass with an arbitrary equation of state in the internal space, and obtain the metric correction terms from the Einstein equations. Here, we show that the conformal variations of the internal space result in the Yukawa interaction with the mass defined by the mass of radion. In Sec. III we show that the gravitating body acquires the effective relativistic pressure in the external space which vanishes only in the case of tension in the internal space. The main results are summarized in the concluding Sec. IV.
II. BACKGROUND SOLUTION AND PERTURBATIONS
Before we consider the gravitational field produced by the gravitating mass, we need to create an appropriate background metrics. Such metrics is defined on the product manifold M = M 4 ×M d , where M 4 describes external four-dimensional flat spacetime and M d corresponds to the d-dimensional internal space which is a sphere with the radius (the internal space scale factor) a, and should have the form
where
and D = 3 + d is the total number of spatial dimensions.
To create such metrics with the curved internal space, we have to introduce background matter with the energymomentum tensor
(3) These components of the energy-momentum tensor can be easily got from the Einstein equation
for the background metrics (1). Here, κ ≡ 2S DGD /c 4 ,
is the total solid angle (the surface area of the (D − 1)-dimensional sphere of a unit radius) andG D is the gravitational constant in (D = D + 1)-dimensional spacetime. We also include in the model a bare multidimensional cosmological constant Λ D . To get these components of the energy-momentum tensor, we took into account that the only non-zero Ricci-tensor components are
. , D, and the scalar curvature is
2 . It can be easily seen that the expression (3) can be written in the form of the energy-momentum tensor of a perfect fluid:
where the energy density and pressures of the background matter in the external and internal spaces are respectivelyε
Therefore, we get the vacuum-like equation of state in the external space:
but the equation of state in the internal space is not fixed:
i.e. ω 1 is arbitrary. Choosing different values of ω 1 (with fixed ω 0 = −1), we can simulate different forms of matter. For example, ω 1 = 1 corresponds to the monopole form-fields (the Freund-Rubin scheme of compactification [15] ) 2 , and for the Casimir effect we have ω 1 = 4/d [14] . It is worth noting that the parameter ω 1 can be positive only in the presence of a positive bare cosmological constant Λ D . Moreover, it takes place only if
In contrast to the model with the two-dimensional sphere in [13] 
Now, we perturb our background ansatz by a static point-like massive source with non-relativistic rest mass densityρ. We suppose that the matter source is uniformly smeared over the internal space [17] . Hence, multidimensionalρ and three-dimensionalρ 3 rest mass densities are connected as follows:ρ =ρ 3 (r 3 )/V int where
is the surface area of the d-dimensional sphere of the radius a (see, e.g., [6, 17] ). In the case of a point-like mass m,ρ 3 (r 3 ) = mδ(r 3 ), where r 3 = |r 3 | = x 2 + y 2 + z 2 . In the non-relativistic approximation the energy density of the point-like mass isT Concerning the energy-momentum tensor of the background matter, we suppose that perturbation does not change the equations of state in the external and internal spaces, i.e. ω 0 and ω 1 are constants. For example, if we had monopole form-fields (ω 0 = −1, ω 1 = 1) before the perturbation, the same type of matter we shall have after the perturbation. Therefore, the energy-momentum 2 In our case, they are d-forms (see, e.g., Eqs. (2.9) and (5.1) in [16] ).
tensor of the perturbed background is
where the correction ε 1 is of the same order of magnitude as the perturbationρc 2 . We suppose that the perturbed metrics preserves its diagonal form. Obviously, the off-diagonal coefficients g 0α , α = 1, . . . , D, are absent for the static metrics. It is also clear that in the case of the uniformly smeared (over the internal space) gravitating mass, the perturbed metric coefficients (see functions A, B, C, D and G below) depend only on x, y, z [17] , and the metric structure of the internal space does not change, i.e. g µµ = g DD D ν=µ+1 sin 2 ξ ν , µ = 4, . . . , D − 1. The latter statement can be proved, e.g., in the weak field approximation from the Einstein equations (see appendix B in [13] ). It is also easy to show that in this case the spatial part of the external metrics can be diagonalized by coordinate transformations. Therefore, the perturbed metrics reads
with
All metric perturbations A 1 , B 1 , C 1 , D 1 , G 1 are of the order of ε 1 . To find these corrections as well as the background matter perturbation ε 1 , we should solve the Einstein equation
where the energy-momentum tensor T ik is the sum of the perturbed backgroundT ik (9) and the energy-momentum tensor of the perturbationT ik . First, we would like to note that the diagonal components of the Ricci tensor for the metrics (10) up to linear terms
2 is the threedimensional Laplace operator. Additionally, for the static metrics (10) , where the coefficients A, B, C, D and G depend only on x, y, z, there is the following relation:
Concerning the off-diagonal components of the Ricci tensor, they should be equal to zero according to the Einstein equation (12) . Taking into account the relations
sin 2 ξ ν , µ = 4, . . . , D − 1, and that the metric coefficients A, B, C, D and G depend only on x, y, z, we can easily verify that all off-diagonal components are identically equal to zero except the components R 12 , R 13 and R 23 . Equating these components to zero, we obtain the following relations between the metric coefficients:
and
which demonstrate that the expressions in brackets for 11, 22 and 33 components in (13) vanish. Therefore, in the weak field limit the Einstein equation (12) is reduced to the following system of equations:
From these equations and the condition (16) we obtain the connection between G 1 and ε 1 :
Then, the system of Eqs. (17)-(19) reads:
and we introduced the Newton gravitational constant
Let us consider now the point-like (in the external space) approximation for the gravitating objects:ρ 3 (r 3 ) = mδ(r 3 ). The generalization of the obtained results to the case of extended compact objects is obvious. It is well known that to get the physically reasonable solution of (23) with the boundary condition G 1 → 0 for r 3 → +∞ the parameter λ 2 should be positive, i.e. the equation of state parameter ω 1 should satisfy the condition
which allows also negative values of ω 1 . From Eq. (8) we can get the corresponding restrictions for the bare cosmological constant:
This inequality relaxes the condition of the positiveness of ω 1 . Then, the Eqs. (21)- (23) have solutions
where the Newtonian potential ϕ N = −G N m/r 3 . It is well known that the metric correction term
2 describes the non-relativistic gravitational potential: A 1 = 2ϕ/c 2 . Therefore, this potential acquires the Yukawa correction term:
The inequalities (26) and (27) provide the condition of the internal space stabilization. Obviously, the monopole form-field ansatz with ω 1 = 1 satisfies this condition. Let us consider this example in more detail. From the fine-tuning relation (8) we obtain 2Λ D κa 2 = (d − 1) 2 . Precisely this quantity provides a zero value of the effective four-dimensional cosmological constant (see Eq. (5.7) in [16] where we should make the substitutions
. It is clear that in our case with flat background external spacetime, the effective four-dimensional cosmological constant should vanish. Additionally, this value of Λ D satisfies the stability condition (5.15) in [16] . Moreover, the gravexciton/radion mass squared (5.12) (with substitution (5.11)) exactly coincides with the Yukawa mass squared m
exci . Therefore, we arrived at the very natural conclusion that the Yukawa mass is defined by the mass of the gravexcitons/radions.
For reasonable values of the equation of state parameter |Ω| ∼ O(1), the Yukawa parameter α (the prefactor in front of the exponential function) is also of the order of 1. Then, the inverse square law experiments restrict the characteristic range of the Yukawa interaction: λ 10 −3 cm. Obviously, for the abovementioned gravitational experiments in the Solar system r 3 r ⊙ ∼ 7 × 10 10 cm, and the ratio r 3 /λ 10 14 . On the other hand, the collider experiments also restrict the sizes of the extra dimensions for Kaluza-Klein models: a 10 −17 cm. Since λ ∼ a, then r 3 /λ 10 28 . It is clear that for such ratios we can drop the Yukawa correction terms in Eqs. (28) and (29). Therefore, the postNewtonian parameter γ = B 1 /A 1 is equal to 1 with extremely high accuracy for any value of Ω including the most physically reasonable case of the dust-like value Ω = 0. The case Ω = −1/2 is a special one, and we consider it below. Thus we arrive at the concordance with the gravitational tests (the deflection of light and the time delay of radar echoes) for our model.
III. EFFECTIVE ENERGY-MOMENTUM TENSOR FOR GRAVITATING MASS
So, at first glance, it seems that we have found a model, which, on the one hand, satisfies the gravitational experiments and, on the other hand, may not contain tension in the internal space. However, let us examine in detail the energy-momentum tensor of the gravitating mass. As follows from Eqs. (20) and (30), the background perturbation ε 1 is localized around the gravitating object and falls exponentially with the distance r 3 from this mass. Therefore, the bare gravitating mass is covered by this "coat". For an external observer, this coated gravitating mass is characterized by the effective energy-momentum tensor with the following nonzero components:
ternal space. Here, the internal sphere has an arbitrary number of dimensions. First, we considered the famous gravitational experiments (the deflection of light and the time delay of radar echoes) in the Solar system. To do it, we introduced a gravitating source with the dust-like equation of statep 0 = 0 in the external space and an arbitrary equation of statep 1 ≈ Ωρc 2 in the internal space. The perturbed (up to O 1/c 2 ) metric coefficients were found from the Einstein equations. For the external space, these coefficients consist of two parts: the standard general relativity expressions plus the admixture of the Yukawa interaction. The Yukawa interaction arises only in the case when the background matter satisfies some condition (see the inequality (26)) for the parameter of the equation of state in the internal space which is equivalent to the condition of the internal space stabilization. From the cosmological point of view, such stabilization was considered in papers [14, 16] (see also the appendix in [2] ). The stabilization takes place if conformal excitations of the internal spaces (referred to as gravexcitons [14] or radions) acquire the positive mass squared. In our paper, we have shown that the mass of the Yukawa interaction is exactly defined by the mass of the gravexciton/radion. In the Solar system, the Yukawa mass is big enough for dropping the admixture of this interaction and getting very good agreement with the gravitational tests for any value of Ω. However, our subsequent investigation showed that the gravitating body acquires the effective relativistic pressure in the external/our space. It means that any system of non-relativistic particles may have the relativistic momentum crossing any spatial area. Of course, it contradicts the observations. Finally, we have demonstrated that the value Ω = −1/2 (i.e. tension!) is the only possibility to avoid this problem.
